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1. INTRODUCTION
A classical result in graph theory is Petersen’s theorem [7] that every
cubic bridgeless graph has a perfect matching and hence a 2-factor.
Petersen’s theorem is a consequence of the more general Tutte’s theorem
[8] which characterizes graphs with a perfect matching. Tutte’s theorem
can be further generalized [9] to characterize graphs with an f-factor and
in particular, a 2-factor. Edmonds [2] gave the first polynomial-time
algorithm to find a perfect matching in a graph and it can also be used to
find a 2-factor or an f-factor in a graph.
However, the problem of deciding whether a graph has a connected
2-factor, which is just a Hamilton cycle, is a well-known NP-com-
plete problem [3] and it is unlikely that any good characterization of
Hamiltonian graphs exists. A few other problems with restrictions imposed
on the 2-factor, mainly on the length and number of cycles, are also known
to be NP-complete [3, 6].
In this paper, we consider the problem of finding a disconnected 2-factor
in a graph, that is a 2-factor which is not a Hamilton cycle. We prove that
every planar cubic bridgeless graph with at least six vertices has a 2-factor
which is not a Hamilton cycle. This is in contrast to the fact that deciding
whether a planar cubic graph is Hamiltonian is NP-complete [4].
Moreover, there exist arbitrarily large cubic bridgeless graphs in which every
2-factor is a Hamilton cycle. We do not know any good characterization of
such graphs nor a polynomial-time algorithm for recognizing them.
2. NOTATIONS AND BASIC RESULTS
In this section we introduce our notation and the basic results that will
be used throughout. The notation is mostly standard and follows, for
example, [1]. The vertex set of a graph G, assumed to be nonempty, is
denoted by V(G) and the edge set by E(G). We allow multiple edges but no
loops and uv will denote an edge incident with the vertices u, v ¥ V(G). If P
and Q are disjoint subsets of vertices, the subset of edges uv such that u ¥ P
and v ¥ Q is denoted by E(P, Q). The subgraph of G obtained by deleting
all vertices in P and edges incident with them is denoted by G−P. The
neighbourhood of P, denoted N(P), is the subset of vertices in V(G)0P
adjacent to at least one vertex in P. The subgraph of G obtained by deleting
all edges in a subset S ı E(G) is denoted by G−S. If X is a subgraph of G
and S ı E(G), X 2 S is the subgraph of G with edge set E(X) 2 S and
including all vertices in X and those incident with edges in S. If X is a
connected subgraph of G, then G/X is obtained from G−V(X) by adding
a new vertex x and for every edge uv with u ¥ V(X), v ¨ V(X), the edge xv.
We say that G/X is obtained from G by contracting X to a vertex x and x
is said to represent the subgraph X in G/X.
A graph G is cubic if every vertex has degree 3. We denote by K32 the
cubic graph containing two vertices and three edges incident with both
the vertices. A bridge is an edge whose removal increases the number
of connected components. A matching is a set of edges such that no two of
them are incident with a common vertex. A separating matching is a
matching whose removal increases the number of connected components.
A perfect matching or a 1-factor in a graph G is a spanning subgraph of G
such that every vertex has degree 1. A 2-factor in a graph G is a spanning
subgraph of G such that every vertex has degree 2. A graph G is said to be
factor critical if G−{v} has a perfect matching for all v ¥ V(G). Note that a
graph with a single vertex is also considered to be factor critical. A cut in a
graph G is a set of edges S such that G−S is disconnected. We say that a
cut S is nontrivial if every component of G−S contains a cycle. The
minimum number of edges in a nontrivial cut in a graph G, called the
cyclic-edge-connectivity of G, is denoted by k(G). It may be noted that
every cubic graph except K32 , K4 , and K3, 3 has a nontrivial cut and any
minimum nontrivial cut in a connected cubic graph is a separating matching.
We recall some of the classical theorems in graph theory, which will be
used subsequently.
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Petersen’s theorem. Every cubic bridgeless graph has a perfect matching.
Note that this can be strengthened to show that there exists a perfect
matching including any specified edge and a 2-factor including any two
specified edges.
Tutte’s theorem. A graph G has a perfect matching iff G−P contains
at most |P| odd connected components, for every P … V(G).
Note that as a consequence of Tutte’s theorem, in any graph G there is a
set of vertices P such that the number of connected components in G−P is
at least |P| and every component is factor critical.
Hall’s theorem [5]. A bipartite graph G with bipartition (P, Q) has a
perfect matching iff |Q|=|P| and for every subset R ı Q, |N(R)| \ |R|.
In this paper, we only consider planar cubic bridgeless connected graphs
except K32 and K4. Since any such graph G has a nontrivial cut and a cycle
of length at most five, the cyclic-edge-connectivity of G is at most five. We
will assume a fixed plane embedding of the graph and identify the faces
with their boundary. Since these graphs are 2-connected, every face is
bounded by a cycle. Note that by Euler’s formula, the number of faces in a
connected plane graph G equals |E(G)|− |V(G)|+2.
3. MAIN RESULT
In this section we prove our main result.
Theorem. Any planar cubic bridgeless graph except K32 and K4 has a
2-factor which is not a Hamilton cycle. Equivalently, any such graph has a
separating perfect matching.
We sketch an outline of the proof before presenting the details. The
proof is based on the cyclic-edge-connectivity of the graph G. When
k(G) [ 3, a simple inductive argument can be used. A similar argument can
be used if G contains a 4-cycle. If k(G)=4 but G does not contain a
4-cycle, we show that some separating matching of size 4 is contained in a
separating perfect matching. Finally, if k(G)=5, we show that either a face
of size 5 is contained in a 2-factor or else there is an adjacent face of size 5
such that the symmetric difference of the two faces is contained in a
2-factor. We now consider the individual cases in detail.
Case 1: k(G)=2. Suppose k(G)=2 and let x1 y1 and x2 y2 be the edges
in a separating matching S of size 2. Let X and Y be the connected
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components in G−S such that {x1 , x2} ı V(X) and {y1 , y2} ı V(Y).
Adding an edge x1x2 to X, we get a cubic bridgeless graph which has a
perfect matching M1 including x1x2. Similarly, Y 2 {y1 y2} is a cubic
bridgeless graph and has a perfect matching M2 including y1 y2. Replacing
the edges x1x2 and y1 y2 in M1 2M2 by the edges x1 y1 and x2 y2 gives a
perfect matching M in G containing the separating matching S. Thus M is
a separating perfect matching and G−M is a disconnected 2-factor in G.
Case 2: k(G)=3. Suppose k(G)=3 and let xi yi, 1 [ i [ 3, be the edges
in a separating matching S. Let X and Y be the connected components in
G−S such that xi ¥ V(X) and yi ¥ V(Y), 1 [ i [ 3. Both G/X and G/Y are
planar cubic bridgeless graphs. If G/X is not K4, by induction, there
is a separating perfect matching M1 in G/X containing an edge xyi,
i ¥ {1, 2, 3}. The graph G/Y has a perfect matching M2, not necessarily
separating, containing the edge xi y. Replacing the edges xyi and xi y in
M1 2M2 by xi yi gives a separating perfect matching in G. A similar
argument can be applied if G/Y is not K4. If both G/X and G/Y are K4
then X and Y must be K3 and S is a separating perfect matching.
We may now assume that k(G) is at least 4. This implies that G does not
contain any 3-cycle.
Case 3: G contains a 4-cycle. Suppose there is a 4-cycle y1, y2, y3, y4 in
G. Let xi be the neighbour of yi not contained in the cycle, 1 [ i [ 4. The
xi must be all distinct, otherwise there is a nontrivial cut of size at most 3 in
G. Let G1=(G−{y1 , y2 , y3 , y4}) 2 {x1x2 , x3x4}. The planar cubic graph
G1 must be connected and bridgeless, otherwise there is a nontrivial cut of
size at most 3 in G. Moreover, G1 cannot be K4 since the xi are contained
in one face. Hence, by induction, G1 has a separating perfect matchingM1.
If both x1x2 and x3x4 are in M1, replace them by xi yi, 1 [ i [ 4, to get a
separating perfect matching in G. If only one of them is in M1, say
x1x2 ¥M1 and x3x4 ¨M1, replace x1x2 by x1 y1, x2 y2 and add the edge y3 y4
to get a separating perfect matching in G. If neither of the edges is in M1,
add the edges y1 y4 and y2 y3 toM1 to get a separating perfect matching in G.
We may now assume that every cycle in G has length at least five.
Case 4: k(G)=4. Suppose k(G)=4 and let xi yi, 1 [ i [ 4, be the edges
in a separating matching S. Let X and Y be the connected components in
G−S such that xi ¥ V(X) and yi ¥ V(Y), 1 [ i [ 4. Note that X and Y
must be bridgeless, otherwise there is a nontrivial cut of size at most 3 in G.
The xi must be contained in a single face of X and we assume they are
numbered in clockwise order along the face. A similar assumption can be
made for the yi.
If both the graphs X 2 S and Y 2 S have perfect matchings, these must
contain S and their union is a separating perfect matching in G. We may
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assume that for every separating matching S of size 4, either X 2 S or
Y 2 S does not have a perfect matching. Choose a separating matching S
of size 4 and a component X of G−S such that X 2 S does not have a
perfect matching and |V(X)| is minimum amongst all possible such choices.
Let G1 be the planar graph X 2 S containing four vertices of degree 1 and
all others of degree 3.
Applying Tutte’s theorem to the graph G1, we get a subset P of m
vertices such that the number of odd connected components in G1−P is
greater than m. We may assume that yi ¨ P, as xi and yi may be
interchanged without decreasing the number of odd components. We
choose a maximal set P satisfying these properties so that all components
in G1−P are factor critical and all the yi are isolated vertices in G1−P.
Since |V(G1)| is even, the number of components in G1−P has the same
parity as m and is therefore at least m+2. Since all vertices have odd
degree, |E(P, V(C))| is odd for any component C in G1−P.
Consider a component C in G1−P such that |E(P, V(C))|=1. The edge
e ¥ E(P, V(C)) is a bridge in G1 and must be in S. Thus there are exactly
four components C in G1−P with |E(P, V(C))|=1. Since every vertex in P
has degree 3, |E(P, N(P))| [ 3m. This implies that there are exactly m+2
components in G1−P and 3m−2 [ |E(P, N(P))| [ 3m.
Consider a component C in G1−P such that |E(P, V(C))|=3. The edges
in S are contained in G1−V(C) as xi ¥ P and yi ¨ V(C). The graph
G1−V(C) must be connected as otherwise an edge in E(P, V(C)) will be a
bridge in G1 not belonging to S. Thus E(P, V(C)) is a cut of size 3 in G and
hence must be trivial. This implies that C contains exactly one vertex.
Case 4.1: |E(P, N(P))|=3m−2. Suppose |E(P, N(P))|=3m−2. This
means that in G1−P there are four components C with |E(P, V(C))|=1
and m−2 components C with |E(P, V(C))|=3. Also, there is exactly one
edge e with both end-vertices in P. This implies that G1−P contains only
isolated vertices and G1−{e} is a bipartite graph. The graph X, which is a
subgraph of G1, has 3m−5 edges and 2m−2 vertices and hence, by Euler’s
formula, it has m−1 faces. Since there are no cycles of length less than 5 in
G and hence in X, each face must have at least five sides. However, the
faces of odd size must include the edge e and hence there are exactly two
such faces. Therefore the sum of sizes of all faces=twice the number of
edges=6m−10 \ 2 f 5+(m−3) f 6=6m−8, a contradiction.
Case 4.2: |E(P, N(P))|=3m. Suppose |E(P, N(P))|=3m. In this case,
in G1−P there are four components C with |E(P, V(C))|=1, m−3
components C with |E(P, V(C))|=3, and one nontrivial, factor critical
component D with |E(P, V(D))|=5. Also, P must be an independent set
and the graphs G1/D and X/D are bipartite. Let G2=(G/Y)/D and let y
and d be the vertices representing the subgraphs Y and D, respectively, in
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G2. The graph G2 is bipartite with 3m edges and 2m−1 vertices and hence
has m+3 faces. Any face in G2 not including either y or d must have size at
least 6. Any face including y must have size at least 4. There can be at most
one face of size 2, which must include the vertex d, otherwise there is a
nontrivial cut of size at most 3 in G. If there is no face of size 2, there must
be at least nine faces of size 4, which implies that all faces including y and d
are of size 4, and there is no face including both y and d. Suppose there is a
face of size 2, including the vertices d and u, and let v be the other neigh-
bour of u. There are at least seven other faces of size 4 in G2, which implies
that y and d can be included in at most one common face. Therefore v ] y
and v has degree 3. If both the faces containing d and v have size 4 we get a
nontrivial cut of size at most 3 in G. Thus there can be at most three faces
of size 4 including d. This again implies that all four faces including y have
size 4 and do not include the vertex d.
Consider the face F in X containing all the xi which must have size
exactly 8. No vertex outside F can be adjacent to more than one vertex in
F, otherwise there is a nontrivial cut of size at most 3 in G. Thus
S1=E(V(F), V(X)0V(F)) is a separating matching of size 4 in G with
X−V(F) as one of the components. The graph (X−V(F)) 2 S1 cannot
have a perfect matching, for otherwise X 2 S also has a perfect matching.
Since |V(X)0V(F)| < |V(X)|, this contradicts the choice of S and X.
This completes the proof for the case when k(G)=4.
Case 5: k(G)=5. Let Y=y1 , y2 , y3 , y4 , y5 be a face of size 5 in G and
let xi be the neighbour of yi not contained in the face, 1 [ i [ 5. The xi
must be all distinct and no two of them can be adjacent, otherwise there is
a nontrivial cut of size at most 4 in G. Thus S={xi yi | 1 [ i [ 5} is a
separating matching. Let X=G−V(Y) and G1=X 2 S. Again, the graph
X must be connected and bridgeless and the only bridges in G1 are the
edges in S, otherwise there is a nontrivial cut of size at most 3 in G. If there
is a perfect matching in G1, it must include all edges in S and is therefore a
separating perfect matching in G. We may therefore assume there is no
perfect matching in G1.
Again applying Tutte’s theorem to the graph G1 as before, we can find a
set P of m vertices such that G1−P has more than m odd components.
Again choose P so that yi ¨ P, xi ¥ P, and P is maximal. Arguing as
previously, there are exactly five components C in G1−P with |E(P, V(C))|
=1, and these must be the vertices yi. Therefore there are exactly
m+2 components in G1−P and 3m−4 [ |E(P, N(P))| [ 3m. Also, any
component C with |E(P, V(C))|=3 must contain exactly one vertex.
Case 5.1: |E(P, N(P))|=3m−4. Suppose |E(P, N(P))|=3m−4. This
implies that G1−P has five components C with |E(P, V(C))|=1 and m−3
components C with |E(P, V(C))|=3. Thus G1−P contains only isolated
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vertices and there are exactly two edges e1 , e2 with both end-vertices in P.
The graph X has 3m−7 edges and 2m−3 vertices and hence m−2 faces.
There are no faces of size less than 5 in X and any face of size 5 must
contain one of the edges e1 , e2. Thus there are at most four faces of size 5
and the face containing the xi must have size at least 10. However, this
implies that the sum of sizes of the faces=twice the number of
edges=6m−14 \ 4 f 5+10+(m−7) f 6=6m−12, a contradiction.
Case 5.2: |E(P, N(P))|=3m−2. Suppose |E(P, N(P))|=3m−2. In
this case, G1−P contains five components C with |E(P, V(C))|=1, m−4
components C with |E(P, V(C))|=3, one nontrivial factor critical com-
ponent D with |E(P, V(D))|=5, and there is exactly one edge e with both
end-vertices in P. Let G2=(G/Y)/D and let y and d be the vertices in G2
representing the subgraphs Y and D, respectively. The graph G2 contains
3m−1 edges, 2m−2 vertices, and hence m+3 faces. There cannot be any
face of size 2 in G2 as otherwise we get a nontrivial cut of size at most 4 in
G. There can be at most one face of size 3 and it must include the edge e
and the vertex d. Any face of size 4 must include either the vertex y or d
and any face of size 5 must include the edge e. If there exists a face of size
3, there can be at most one face of size 5 and hence there are at least eight
faces of size 4. This implies that there are at least four faces of size 4 which
include y but do not include d. If there is no face of size 3, there are at
most two faces of size 5 and hence at least nine faces of size 4. Again, there
are at least four faces of size 4 which include y but do not include d. We
choose one of these faces F such that the edge e is not incident with any
vertex in F, for example, a face such that both the neighbouring faces
including y have size 4. This face F will be used subsequently for finding a
separating perfect matching.
Case 5.3: |E(P, N(P))|=3m. Suppose |E(P, N(P))|=3m. Again, G1−P
contains five components C with |E(P, V(C))|=1, either m−4 com-
ponents C with |E(P, V(C))|=3 and one component D with
|E(P, V(D))|=7 or m−5 components C with |E(P, V(C))|=3 and two
components D1 and D2 with |E(P, V(D1))|=|E(P, V(D2))|=5. The com-
ponents D, D1 , D2 are all nontrivial and factor critical and P must be an
independent set. Let G2 be the graph obtained from G by contracting Y and
all the nontrivial components in G1−P and let y, d, d1 , d2 be the vertices
representing these subgraphs. The graph G2 is bipartite with 3m edges and
2m−2 vertices and hence m+4 faces. Suppose G2 contains two vertices
d1 , d2 of degree 5 apart from y. There cannot be any face of size 2 in G2,
otherwise there is a nontrivial cut in G of size at most 4. Thus G2 contains
at least twelve faces of size 4 which must include one of the vertices
y, d1 , d2. Hence there are at least two faces of size 4 which include y but
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none of the vertices d1 , d2. Similarly, if G2 contains a vertex d of degree 7,
there can be at most two faces of size 2 both of which must include d. Thus
there are at least eight faces of size 4 and at least three of them must
include y and not include d. In either case, we can choose a face F of size 4
such that F includes y but does not include any of the vertices d, d1 , d2.
Let x1 , z, x2 , y be the vertices in the face F chosen in either Case 5.2 or
5.3. In G, y1 , x1 , z, x2 , y2 is a face of size 5. Note that x1 , x2 ¥ P, z ¨ P and
is an isolated vertex in G1−P. Also, z cannot be adjacent to any of the
vertices x3 , x4 , x5 or there is a nontrivial cut of size at most 4 in G. Let
Z={y1 , y2 , y3 , y4 , y5 , x1 , z, x2} and S1=E(Z, V(G)0Z). We will show
that there is a perfect matching in G containing the separating matching S1.
Any such perfect matching must include the edge y1 y2 and will not include
the edges x1z and x2z. Thus G has a perfect matching including S1 iff
(G1−{y1 , y2})−{x1z, x2z} has a perfect matching. Moreover, this graph
has a perfect matching iff the graph obtained from it by contracting all
nontrivial components of G1−P has a perfect matching, since all such
components are factor critical.
Let G3 be the graph obtained from G1 by deleting the vertices y1 , y2 and
the edges x1z, x2z and contracting all the nontrivial components in G1−P.
We will show that G3 has a perfect matching which can then be extended to
a perfect matching of G including S1. Note that G3 is connected and the
only bridges are the edges in S1, otherwise we get a nontrivial cut of size at
most 4 in G. Also, the vertices of degree 1 in G3 are contained in a single
face and they appear in the order x1 , z, x2 , y3 , y4 , y5 along the face.
The vertices of G3 can be partitioned into two parts P, Q with
|P|=|Q|=m such that Q is an independent set and there is at most one
edge with both end-vertices in P. The vertices y3 , y4 , y5 , z are the vertices
of degree 1 in Q while x1 , x2 are the vertices of degree 1 in P. All other
vertices in P have degree 3, while Q contains either a vertex of degree 5 or 7
or two vertices of degree 5 and all others of degree 3. This implies that
|E(P, Q)|=3m−4 or 3m−6 and there is an edge e with both end-vertices
in P iff |E(P, Q)|=3m−6. Ignoring the edge e, we get a bipartite graph.
Thus, by Hall’s theorem, G3 has a perfect matching unless there is a subset
R … Q such that |N(R)| < |R|. Choose a minimal such set R with |R|=l
and let T=N(R). Note that R is a proper subset of Q and every vertex in
T must be adjacent to at least two vertices in R. Also, the subgraph
induced by R 2 T must be connected. Since |T| < l and every vertex in T
has degree 3, |E(R, T)| [ 3l−3 and since every vertex in R has odd degree,
|E(R, T)| [ 3l−4. On the other hand, there are at most four vertices of
degree 1 in R and all others have degree at least 3; hence |E(R, T)| \ 3l−8.
Case 5.4: |E(R, T)|=3l−4. Suppose |E(R, T)|=3l−4. This implies
that |E(R 2 T, V(G3)0(R 2 T))|=1 and this edge is a bridge which must
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be in S1. However, this means that G3−(R 2 T) contains a single vertex,
contradicting the fact that x1 , x2 ¨ T.
Case 5.5: |E(R, T)|=3l−6. Suppose |E(R, T)|=3l−6. This implies
that there are at least three vertices in R with degree 1 and
E(R 2 T, V(G3)0(R 2 T)) contains at most three edges. If vertex z belongs
to R, there is a path from z to at least one of the vertices y3 , y4 , y5
containing only vertices in R 2 T. Therefore there cannot be a path from x1
to x2 in G3−(R 2 T), as any such path would have to cross a path from z
to any of y3 , y4 , y5, violating planarity. Thus x1 and x2 are contained in
different components of G3−(R 2 T) and at least one of these has a single
edge joining it to a vertex in T. Since this edge is a bridge, it must be
incident with a vertex of degree 1, which must be either x1 or x2. However,
an edge incident with two vertices in P, if present, is not incident with
either x1 or x2 by the choice of the face F. This implies that z ¨ R and R
contains y3 , y4 , y5. Thus R contains exactly three vertices of degree 1 and
cannot contain any vertex of degree more than 3. As argued above, x1 , x2
must be in the same component of G3−(R 2 T) and this component must
also contain z. Thus G3−(R 2 T) must be connected.
Consider the graph G4 obtained from G3 by contracting the subgraph
G3−(R 2 T) to a vertex w and replacing the vertices y3 , y4 , y5 by a single
vertex y adjacent to x3 , x4 , x5. The graph G4 is planar, cubic, and bipartite
with 3l−3 edges and 2l−2 vertices and hence l+1 faces. There cannot be a
face of size 2 in G4, since a vertex in T can be adjacent to at most one
vertex not in R. Therefore, there are at least six faces of size 4 in G4. Since
there is a face including both w and y, there can be at most five faces
including either w or y. This implies there is a face of size 4 in G4 not
including either w or y, which must be a 4-cycle in G, a contradiction.
Case 5.6: |E(R, T)|=3l−8. Suppose |E(R, T)|=3l−8 and R contains
four vertices of degree 1 and all others have degree 3. As argued in the
previous case, x1 and x2 must be in different components of G3−(R 2 T)
and for at least one of these components C, |E(T, V(C))| [ 2. Again, as
above, every component C in G3−(R 2 T) must have |E(T, V(C))| \ 2 and
thus there are exactly two components. Let Ci be the component containing
xi, 1 [ i [ 2, and suppose |E(T, V(C1))|=2. The edges in E(T, V(C1))
together with the edge in S1 incident with x1 form a cut of size 3 in G which
must be trivial. Thus C1 contains exactly two vertices, x1 and a vertex of
degree 3. This implies that C2 contains a vertex of degree more than 3
representing a nontrivial factor critical subgraph of G. Thus the edges in
E(T, V(C2)) along with the edge in S1 incident with x2 form a nontrivial
cut of size 4 in G, a contradiction.
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Therefore, there can be no such set R and G3 has a perfect matching.
Extending this to G gives a perfect matching in G containing the separating
matching S1. Thus G has a disconnected 2-factor.
This completes the proof for Case 5 and the proof of the theorem.
4. REMARKS
This result does not hold in general for cubic bridgeless graphs. There
are arbitrarily large cubic bridgeless graphs in which every 2-factor is a
Hamilton cycle. One such family of examples is described below.
Let the vertex set of the graph be {u, v} 2 {ui | 1 [ i [ 2m} 2 {vi |
1 [ i [ 2m}, m \ 1. The edge set is {uv, uu1 , uv1 , vu2m , vv2m} 2 {uiui+1 | 1 [
i < 2m} 2 {vivi+1 | 1 [ i < 2m} 2 {u2i−1v2i | 1 [ i [ m} 2 {u2iv2i−1 | 1 [ i [ m}.
It can be verified that every 2-factor in these graphs is a Hamilton cycle.
Further, these graphs can be embedded in the torus as well as in the Klein
bottle and hence the result cannot be extended to any other surface except
perhaps the projective plane. Also, if we delete the vertices u, v and add
edges u1v1 and u2mv2m, we get a planar cubic bridgeless graph such that
every 2-factor containing the edge u1v1 is a Hamilton cycle. Thus the
stronger form of Petersen’s theorem cannot be generalized even for planar
graphs.
In general, if G1 and G2 are cubic bipartite graphs such that any 2-factor
in G1 and G2 is a Hamilton cycle, then any 2-factor in the star product of
G1 and G2 is also a Hamilton cycle. The star product of two cubic graphs is
a cubic graph obtained by deleting a vertex from each graph and adding a
matching of size 3. The only cubic bipartite graphs that we know, in which
every 2-factor is a Hamilton cycle, are obtained from K3, 3 and the
Heawood graph using this method.
We conclude by mentioning some possible extensions of this result. An
immediate generalization is to consider 2-factors with at least k cycles. We
believe that for every k \ 1, there exists a number n(k) such that any planar
cubic bridgeless graph with at least n(k) vertices has a 2-factor with at least
k cycles. Another possible extension is to look at the length of a shortest
cycle contained in a 2-factor in a planar cubic bridgeless graph. It is
possible that there is a constant k (perhaps 8) such that every planar
cubic bridgeless graph has a 2-factor containing a cycle of length at most k.
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